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An analytic solution is obtained for the problem of the three-dimen- 
sional temperature field of a semiinfinite column whose height varies 
discretely with time. Heat release takes place in the growing part of 
the column. Heat is transferred from the column to the medium by 
convection, 

P r o b l e m s  of this kind a re  encoun te red  in inves t iga t -  
ing the t e m p e r a t u r e  f ie lds  of m a s s i v e  hydrau l ic  eng i -  
n e e r i n g  s t r u c t u r e s  dur ing  the cons t ruc t ion  per iod  when 
they a r e  divided into blocks for  concre te  pour ing  p u r -  
poses .  

This  paper  is  conce rned  with the t e m p e r a t u r e  
f ield of a s emi in f in i t e  column with va r i ab l e  in i t i a l  
t e m p e r a t u r e .  At a c e r t a i n  point  the height of the col -  
umn begins  to i n c r e a s e  as a r e s u l t  of the addit ion of 
d i s c r e t e  blocks.  The blocks a r e  added ins t an taneous ly ,  
each block be ing  c h a r a c t e r i z e d  by i t s  own cons tant  
in i t i a l  t e m p e r a t u r e .  Subsequent ly ,  heat  is  r e l e a s e d  in 
the block at a r a t e  that depends exponent ia l ly  on t ime.  
The i n t e r v a l s  at which blocks a re  added may  vary .  The 
t e m p e r a t u r e  of the med ium and the heat  t r a n s f e r  coef-  
f ic ients  at the hor izon ta l  and v e r t i c a l  su r f aces  a re  also 
different .  The t he rmophys i ca l  c h a r a c t e r i s t i c s  of the 
column a re  constant .  

In this  fo rmula t ion  the p rob lem adequately r e f l ec t s  
the t h e r m a l  condi t ions  assoc ia ted  with the pour ing  of 
a m a s s  of concre te  whose base  is an "old" concre te  
column and is  also r e a s o n a b l y  close to the t h e r m a l  con-  
di t ions for  concre te  poured  over a rock foundation. 

In the given stage of growth let  the column cons i s t  
of a base  and n blocks .  

We locate  the coordinate  or ig in  at the upper  h o r i -  
zontal  sur face  of the l a s t  k = ~ block and d i r ec t  the OZ 
axis  into the column.  The d i rec t ions  of the OX and OY 
axes a re  as usual .  Then the p rob l em can be f o r m u -  
lated m a t h e m a t i c a l l y  as follows. 

The s y s t e m  of d i f fe rent ia l  equat ions is wr i t t en  

0 < x < L ,  0 < y <  D ) ,  

OTk -- a v2Tk + qo exp [-- mtk], 
ax(n) 

/=k+l /=~ 

(k = 1, 2 . . . . .  n). 

The in i t i a l  condi t ions  a re  

To(z~, x, y, 0) = T(~k)+,~h--l(z - ,  x, y, "r~-) 

(1) 

Tz (z~-, x, y, 0 ) =  ~-~ + ~'~-~ (z;, x, y, Xn) 

( / = 1 ,  2 ..... n - - l ) ,  

Tg-(zz-, x, y, 0 ) =  T ~) . (2) 

The boundary  condi t ions  at the su r f ace s  of the growing 
pa r t s  of the co lumn are  

OT W(O, x, y, "~) ) 

c)z~- 

=-h~(~i  [ , ~ z - L - ( o ,  x, y, ~(~))], 

OT~ (z~-, L, y, "~(~) ) 

Ox 

= h~)  [ , z - -  T~ (z-, L, y, ~(~))j, 

OT k (zff-, O, y ,  x (n)) 
~-0, 

Ox 

0T~ (z-, x, D, w (74)). 

Oy 

=hu~  ) [ap~---Tk(z-, x, D, w(n~)] , 

aTk(z ; ,  x, O, ~(~i) 
~ 0 ~  

Og 
(3) 

and at the su r f ace s  of the base  

OTo(~, x, y, "r = 0; 
Oz- 

aT o (z- 0 L, y, z (~)) 
Ox 

= h  (~l [T ~c~ - - T  o (z~-, L, y, "r(~))] , 

dTo (z~-, 0, y, "6 m) 
= 0; 

Ox 

OT o (z~, x, D, x ~1) 
@ 

= h y r  i IT (ck)-To(z~-, x, D, ~(n))] , 

OT o (z~-, x, O, w ~)) 

Oy 
(4) 

The cont inui ty  condi t ions  at the in t e rb lock  boundar ies  
a re  

n 
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Oz; 

OTt,-~ R i, x, y, "r 
(5) 

(cont'd) 

and at the b l o c k - b a s e  boundary  

W 

TI (i~I Ri' x' "~)  = T~ ( ~  Ri' x' Y' "~(~ ) 

OTI ( ~ I R i '  x' Y' z(~) ) =  

"1=1 (6) 

The solut ion of this  p r o b l e m  can be obtained by 
m e a n s  of double cos ine  t r a n s f o r m a t i o n s ,  Lap lace  t r a n s -  
f o r m a t i o n s ,  and the G r e e n ' s  funct ion [1, 2, 4]. 

The r e s u l t  i s  

T O (z W, x, y, zG~)=  T (c~) + (1)(o ~) (z~-, x, y, ,(n-)), 

Tu(z;, x, y, z(~))--~h- + (O~ ~) (zE, x, y, z6)) 

(~=~,  2 . . . . .  F), 

where  

(7) 

r (~ ,  x, V, ~ ( ~ ) =  F(~)(z~-, x, V, *(~)) + 

Z "~(~) ) TY~( a-, x, V, + 

4 .~L2~ (Bi~+ 2 " G) (B]v + • 

+ ~ : l  r = l  V 
(Bi~ + Bix + ~a~,) (Bi 2 + Bi v + ~)  

x e x p  i - - K a b U k i  X 

x, L D 

x cos i~ x y - -  COS Mr X 

{ ] [ [ (z~--~)~] 
X 2 V ' ~  a ~G-------~ " exp 4a z (~= + 

+ exp 4a ~(~) - -  

- a(~) exp [ a~a , a ~(~' + h a )  (~- + ~)] • 

( z~-+g 
• eric ~ V~*'~' + 

X 

f 

I ={ 

I ( 

(i = 0, c), 

[(I; ~-'~ (~, x, v, %-)]-- 

K = - g - +  ~; . (8) 

The  funct ions a r e  found f r o m  the following exp res s ions :  

= AsBr cos ~, T cos •  X 

• exp [--Ka~ ~)] --  e(%-, x, y, .(~1), (9) 

](e ~) (Zn--, X, V, T(n'-})= 

= A~B~ cos ~,~ ~ cos ~ D 
s= l  r= I  

i -  
x (T (~) - -  ~g-) exp [ - -  Ka x r ] + 

+ qo (exp [ - -  Ka ~(;)] - 

m - -  a / (  

+O(z~-, x, y, ~ ), (lo) 

I (T(,k) O(z;, x, V, ~(X))=~_ ,~-) • 

o0 o~ 

X A,B, cos ~s ~ cos u, -D-- x 
s= l  r = l  

( �84 
• eric J=~ - lf__Ka~ - - - - ~  + 

x e r i c  . s'=t + V ' 

2 Va~--(~) 

(11)  
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V a l u e s  of the  C o e f f i c i e n t s  a p i ,  bp i  , dp i ,  gp i ,  Cp 

al  i a2 i aa i a l i  

qo exp - -  m x I 

1=i+2 a ( l__exp[_mzi+x] ) ,  
2 (m - -  aK) 

i @ n ,  

qo i = n ,  d?~ - -  T (70 -[- ~ ,  

- - a  u ,  i 4=n, 

o, i = n ,  

2 (m -- aK) 
, i = 1  

0 ,  i ~  1, 

- -  aa i  

bl i  b~  bai b4 i 

E qoexp[-m 
1=i+2 

2 _  (he(n) a -}- m - -  aK) 

i j - n ,  

( T ( c ~ ) -  +E) 2 hz(n) 
2 - 

( i  - -  exp[-- m "~i+11), (hz(n) = K)  

T (W) __ ~n q- 2 _ qo 
hz(n) a + m - -  aK 

2 

@h- - P~-~) G(.) i =] , ,  
(h~(~) - -  r )  ' 

di i 

qo exp __ zj 
i = 2  

2 ~  
(hz(n) a -~ m - -  aK) 

O, i @ l ,  

dz i 

hz(n) aqoexp ~ m  E ~i 

/'- 2 
~. (hz(;) a + m- aK) 

O, i ~ l ,  

g- ' i  

qo exp ,--, zi 

i = i - 2  X 
1 / ~ ( m - -  aK) 

X ( l - - e x p [ - - m ~ - + d ) ,  i @ n  

I_ 1=i+2 J 
/--Z- 2 _  

IJ '- (hzin) a . I  m - -aK)  

x ( l - - e x p [ - - m ' : i + ~ ] ) ,  i 4=n ,  

hz( ~ tZaqo 
i = 1 T  �9 ~--- 2 -- V - (hz(n) a -t- m - -  aK) 

g l i  

(h~l~- I ~ - m +  , ~ )  qo ~xp - m ~ ~ 

1=i+2 ~ X 
V V(m - aK) (h~(~) a + m - aK) 

X ( i - - e x p [ - - m ' ~ i + l ] ) ,  i4=~ 

2 2hz(~) aqo 
i = E  

t/'~. (m - -  aK) (h~(fi) a -}- m - -  aK) 

I 

(T (e~) - -  '~n)(hz('~ -I- ~'/ K)) 

d~ i d q  

O, i = tz 

g~i g q  

qooxp[_m  
]=2 

_{  2 _  
( h z ( n )  a - -  m q- aK) qo • 

]=2 

x I r  - ~K) x 
2 x (G(,) a + m - - a K ) }  ', 

i =  1, 

O, i @ l  

3/~. (m - -  aK) 

i = I  

O, i @ 1  

C.,. C4 

(T (ok) --"~n) (hz(~- -  ' ILK')  

4 (G(~) + r'-~ 2 (G(~) - if10 2 (hz(~ .4:- ~ r ~ )  
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F 8) (z m, x, y, ~(~)) = 

o~ oo 

= ,.:AsB r cos Ps T cos ~r D 

• / V, • 
? = 1  

i=1 2 V-a..~(-n'---'--~j 1 .+. 

+ b# exp [(h~(~) + K) a ~(n) -F h~(~) N~ (z-)] >'. 

x eric [ h,~) V'-a-~(a~ + Nv(@) ] + 

? : ,  @dwll/2 [m--aK' --k~ :, ] ~, 

2 V a  + 

+ 6 o R: X 

i =1 + 
X erfc 2 V a x  c") 

+ (-- 1)~ -1 (12) 

1=1 i:I 
(13) 

N8 (z[) = E R:-- 8p E RI + ( -  1)~-1 Z n , 

i = l  1=1 
(14) 

A, == (--1)~+ I 
2Bi~ ]~Bi. 2 + I~ 

~s (Bix 2 -t- Bi~ + ~f) 
(15) 

where  

2Blv V B  b --a t- xT- 
B~ = ( - -  1Y+ l 

• (Bi~ + Bi ,  + • ' (16) 

1 at 0..<2 (17) 
6p= 0 at p > 2 '  

1 at p = l  

YP = 0 at p > 1 
18) 

The a lgo r i t hm p roposed  by the author  in [3] i s  r e c o m -  
mended  for  evaluat ing  the in t eg ra l s  

i 2 

mad 

exp [(m--  aK) (0 -- ~(-~) -- NV4a O] 

01/2 
0 

dO (19) 

N ~ ~)] N 

2 V ~  

~' .exp [(m - -  aK) (0 -- ~(~)) --NV4a Ol 
X 

J Oa/2 
0 

dO. (20) 

The s a m e  pape r  a l so  g ives  tab les  of va lues  of these  
in t eg ra l s .  

As usual ,  

eric (x) = 1 - -  erf (x) = t - -  - -  2 S e x p [ - - x ~ l d x =  
V Y  

0 

3 2 
-- V ~  ,~ exp [--  x~l dx. 

x 

The coef f ic ien ts  apt, bpi, dpi, gpi, ep a r e  found 
f r o m  the e x p r e s s i o n s  p r e s e n t e d  in the table .  

In de t e rmin ing  the function o(n) (zfi, x, y, r(fi)) the 
evaluat ion  of the in tegra l  in e x p r e s s i o n  (8) is  p a r t i c u -  
l a r l y  impor t an t .  The  in tegrand  contains  the va lue  
r for  a co lumn cons i s t ing  of (n - 1) blocks at the 
m o m e n t  when it is cove red  with the n - th  block.  

We wr i t e  

i .i i [cI)i~- ' )(~,  x, y, z (~))] x 
R _ 0  0 

n 

>: ~os ~ T cos ~ -D-  , 

(~/-!-R- i) 

- + cos ~s - -  • 
~ -  o ~ 7 o o L 

(Rj@R-j) 
f=l  

Y Xcos•  { ] d~dxdy. (21) 

Here ,  R_j is the height of an " i m a g i n a r y "  block,  which 
in a ce r t a in  s ense  is the re f lec t ion  in the base  of a r ea l  
b lock of height  Rj. 

In the gene ra l  case  the height R j is  a mul t ip le  of 
the height  Rj. 

Since at l a rge  zfi the function r tends to zero ,  
we can a lways  choose a fac tor  such that  the second in- 
t e g r a l  in (21) a lso  tends to zero .  

The evaluat ion  of the f i r s t  in tegra l  will  be s imp l i -  
f ied if within the l imi t s  of each block,  r e a l  and " i m a g -  
ina ry , "  the function ~(fi-1) is  app rox ima ted  by a f o r m u -  
la  of the type 

r = p~ (z~) P~ (x)Pv (v), 

where  P~ ,  Pfl ,  P7 a r e  po lynomia l s  of deg ree  a ,  p ,  7. 
The d e g r e e  of the polynomia l  depends on the spec i -  

f ied a c c u r a c y .  As it is  e a sy  to show, with the above 
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a p p r o x i m a t i o n  a l l  the computa t ions  r e d u c e  to c a l c u l a -  
t ions  b a s e d  on s i m p l e  r e c u r r e n c e  r e l a t i o n s .  

NOTATION 

n a r e  the m a x i m u m  n u m b e r  of b locks  in column;  
a r e  the n u m b e r  of b locks  in the co lumn at  a p a r t i c u  L 

Ia r  s t a g e  of g rowth  (~ = 1, 2, . . , ,  n); k i s  the n u m b e r  
of the b lock  (count ing f r o m  the b a s e  for  which k = 0) 
(k = 1 ,2  . . . . .  ~); 2L x 2D a r e  the  p lan  d i m e n s i o n s  of 
column;  R k i s  the height  of k - t h  b lock ;  T i s  the t e m -  
p e r a t u r e ;  T k {T l ) and To a r e  the  t e m p e r a t u r e s  of the 
k - t h  ( / - th)  b lock  and b a s e  at  any ins tan t  of t ime ;  T(k) 
i s  the t e m p e r a t u r e  of the k - th  b lock  at  the ins t an t  of 
pour ing  (cons tant ) ;  T(ck) i s  the cons tan t  component  of 
the b a s e  t e m p e r a t u r e  and a l so  the t e m p e r a t u r e  of the 
m e d i u m  at v e r t i c a l  s u r f a c e s  in the b a s e  r eg ion ;  ~fi 
and r a r e  the t e m p e r a t u r e s  of the m e d i u m  at the 

h o r i z o n t a l  and v e r t i c a l  s u r f a c e s  in r e g i o n  of b locks  
dur ing  pour ing  of the nex t  n - t h  b lock;  T i s  the t ime ;  

7<~) i s  the t i m e  f rom ins t an t  of pou r ing  of the next  
f i - th  b lock;  T 5 i s  the  i n t e r v a l  be tween  pour ing  of the 
(5 - 1)- th  b lock  and i t s  be ing  c o v e r e d  with the ~ - th  
b lock;  t k i s  the " l i f e t i m e "  of the k - t h  b lock;  x, y,  z a r e  

c o o r d i n a t e s ;  zfi i s  the c o o r d i n a t e  z for  the column con-  
s i s t i n g  of fi b locks  and b a s e ;  hx(fi), hy(fi), hz(~) a r e  the 
r e l a t i v e  hea t  t r a n s f e r  coe f f i c i en t s  for  co lumn at  a p a r -  
t i c u l a r  s tage  of g rowth ;  V 2 = ~2/~x2 + ~2/~y2 + ~2/~Zn; 

qo = q~ /c7 ;  Bix = hx(fi)L; Biy = hy(fi)D; # s  i s  the  
r o o t  of the t r a n s c e n d e n t a l  equat ion ctg # s  = P s / B i x ;  
~ r  i s  the r o o t  of the  t r a n s c e n d e n t a l  equat ion c tg  ~ r  = 
= ~ r / B i y .  
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